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ABSTRACT
Among the three cosmological enigma solved by the theory of inflation, viz. (a) large
scale flatness, (b) absence of monopoles and strings, and (c) structure formation, the
first two are addressed from the viewpoint of the observed scales having originated
from very small ones, on which the density fluctuations of the curvaton and relics
are inevitably of order unity or larger. By analyzing strictly classically (and in two
different gauges to ensure consistency) the density evolution of the smoothest possible
pre-inflationary component – thermal radiation – it is found that the O(1) statistical
fluctuations on the thermal wavelength scale present formidable obstacles to the linear
theory of amplitude growth by the end of inflation. Since this wavelength scale exited
the horizon at an early stage of inflation, it severely limits the number of e-folds of
perturbative inflation. With more e-folds than ≈ 60 there will be even larger fluctu-
ations in the radiation density that ensures inflation keeps making ‘false starts’. The
only ‘way out’ is to invoke a super-homogeneous pre-inflationary fluid, at least on
small scales, adding to the fine-tuning and preventing one from claiming that inflation
simply ‘redshifts away’ all the relic inhomogeneities; i.e. the theory actually provided
no explanation of (a) or (b), merely a tautology.
Key words: (cosmology:) early Universe, large scale structures, cosmic microwave
background; radiation mechanisms: thermal
1 INTRODUCTION
The theory of inflation ((Guth 1981; Albrecht & Steinhardt
1982; Linde 1982)) is thought to have provided attractive
solutions to a number of cosmological problems, including
the large-scale homogeneity and flatness of the universe.
It garnered strong support from the COBE and WMAP ob-
servations of the cosmic microwave background radiation
(CMBR) ((Smoot et al 1992; Bennett et al 2003; Spergel
et al 2007; Hinshaw et al 2009; Komatsu et al 2011)). Quan-
tum fluctuations in a scalar inflaton field can explain the
origin and near scale-invariant spectrum of the primordial
density perturbations, although getting the amplitude right
requires fine tuning.
Apart from the central question of structure formation,
however, we wish to revisit some of the other key issues
of cosmology that inflation is claimed to have satisfactorily
addressed, as they too lend as crucial evidence in favor of
the theory if the logic is sound. In particular, the reason for
the ‘global’ flatness of space and the absence of strings and
monopoles is, in the context of inflation, due to the ability
⋆ E-mail: lieur@uah.edu
of the rapid expansion in drastically diluting these features.
This means, at the onset of inflation the density of curvatons
and relics was probably on par with that of the inflaton. On
the relevant cosmological scales that were deeply embedded
within the horizon at the time, the fluctuations in the den-
sities of the unwanted components are then initially very
large, and are likely to be governed by quantum effects.
In general, it is reasonable to assume that the smoothest
component is the one with the largest number density, viz.
the massless particles. Therefore in this paper we examine
closely the state of a pre-existing photon population on small
scales, by taking the universe before inflation as radiation
dominated. This will set lower limits on the severity of the
initial fluctuations.
Indeed, early versions of inflation theory did envisage a
pre-inflationary Friedmann-Robertson-Walker (FRW) stage.
One of the claimed advantages of the theory was that infla-
tion effectively erased all traces of that ‘pre-historic’ phase,
although it was realized early (Frieman & Turner (1984))
that this is not strictly true; what it does is not to eliminate
perturbations but to stretch them to unobservable scales.
This leaves open the question of whether there could be
perturbations on very tiny scales that are stretched to ob-
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servable size. It has been shown (Magueijo & Singh (2007))
that without drastic modifications such perturbations could
not explain the power spectrum of perturbations. Here we
wish to argue that under rather general conditions these
perturbations would both be inevitable and far too large to
be consistent with either perturbation theory or observation.
This is because thermal radiation has O(1) statistical fluctu-
ations on scales comparable to the thermal wavelength, and
such scales have been stretched to cosmologically relevant
ones or beyond.
In yet another manner of speaking, while it has previ-
ously been argued (Vachaspati & Trodden (1998)) that infla-
tion requires sufficiently fine-tuned initial conditions to en-
sure ultra-smoothness in the relevant part of the universe at
the onset of the process, we suggest that it is essentially im-
possible to satisfy the condition if there is a pre-inflationary
FRW stage consisting primarily of radiation or other even
less homogeneous components. The only way forward is to
postulate a universe that was already extremely smooth be-
fore inflation, i.e. the theory does not explain flatness and
the absence of relics, rather takes them for granted.
2 THE PRE-INFLATIONARY THERMAL
PHASE
To focus the readers’ attention upon the effect we wish to
address, we shall here-and-after consider inflation driven by
a scalar field of small density fluctuations δρv relative to
the radiation δρr, and with an equation of state close to
ρv = −pv. Our conclusion is insensitive to such assumptions.
It is further assumed that by the onset of inflation the
patch of the universe from which today’s Hubble volume
evolved contained a fluid of massless (or light) scalar par-
ticles, termed ‘radiation’ here for brevity, with pr = ρr/3
(or w = 1/3) and interactions weak enough to treat them
as free, but strong enough to maintain thermal equilibrium.
Moreover, like Biswas et al (2013) our attention is restricted
to adiabatic perturbations that exit the horizon, even though
in this two-fluid model there can be isocurvature ones. This
paragraph of our ansatz is important and requires scrutiny,
as there are three aspects to it.
First, we shall only be concerned with (a) the statistical
fluctuations of the thermal phase and not (b) the quantum
fluctuations of the fluid. The distinction was pointed out by
Biswas et al (2013), who also showed in their Appendix B
that so long as the fluid particles are light and the tempera-
ture T is much below the Planck mass mP the fluctuations
are primarily statistical in nature anyway. If the particles
are massive there will be the additional effect of (b), but
as we shall show, (a) by itself is in general already signif-
icant enough to present formidable challenges to standard
inflation theory, hence the inclusion of (b) will not alter the
conclusion.
Second is the question of thermalization of a fluid in the
pre-inflationary universe, which entails kinetic and chem-
ical equilibrium, attainable when the dominant scattering
exceeds the Hubble parameter. Generic arguments point to
ineffective interactions at T > α2mP ≈ 1016 GeV where α is
the fine structure constant (Kolb & Turner (1990), section
3.5), although GUT inflation at T ∼ 1015 GeV lies out-
side this range. In the more recent literature on this topic,
viz. Allahverdi et al (2010), Mazumdar & Rocher (2011),
and Bastero-Gil et al (2013), the first two are written in the
context of the reheating epoch, while the last the inflation-
ary epoch itself which relates more closely to our current
work. According to Bastero-Gil et al (2013) the light par-
ticles thermalize most readily, which lends support to our
ansatz. In any case, equilibrium or lack thereof, it shall be
shown towards the end of our paper that unless the power
spectrum of fluctuations at the onset of inflation departs
drastically from its thermal value on scales smaller than
the thermal wavelength (or more fundamentally the aver-
age inter-particle spacing, the scale where the relative den-
sity fluctuations usually reaches unity) in the direction of
a sharp cutoff, inflation cannot proceed in the manner in-
tended to explain observations. Since this critical scale is
expected to lie well within the inflation horizon, thermaliza-
tion on the relevant scales should proceed much more easily
– there is certainly little justification for the said cutoff.
Third, as each mode of statistical fluctuation exits the
horizon there are certainly ‘adiabatic’ solutions that describe
its evolution. As mentioned, the two-fluid system of radia-
tion and inflaton also supports isocurvature perturbations.
We choose here not to consider them, because the two kinds
of perturbations are orthogonal to each other and evolve in-
dependently, i.e. our contention of raising a flag about the
already large adiabatic fluctuations that invalidate the stan-
dard approach to the whole problem will not be affected by
the inclusion of isocurvature effects.
Turning to the rest of the model, the background space-
time is taken to be homogeneous, isotropic and spatially flat.
We consider only scalar metric perturbations, first in the
longitudinal or Newtonian gauge, then in the synchronous
gauge, then cross compare the results to find consistency. In
the former, we assume that the anisotropic stress is negligi-
ble, i.e. the two invariant potentials are equal: Φ = Ψ. Thus
we can write the perturbed metric as
ds2 = a2(τ )[(1 + 2Φ)dτ 2 − (1− 2Φ)dxidxi], (1)
where τ is the conformal time (adτ = dt). In the latter the
metric is
ds2 = a2(τ )[dτ 2 − (δij + hij)dxidxj], (2)
where
hij = −1
3
hδij − 6(∂i∂j − 1
3
δij∇2)η (3)
are respectively the trace and traceless contributions to hij
(Ma & Bertschinger (1995)).
We suppose that the vacuum energy starts to dominate
at an initial time τi at which ρr = ρv, where ρr stands for
the energy density of the radiation and ρv for that of the
inflaton field. Inflation ends at a reheating time τr when
the vacuum energy is converted to radiation. Since ρv is
nearly constant during the inflationary era, this means that
the physical temperature Tphys of the radiation is approx-
imately the same at τi as the reheating temperature just
after τr. This is a large temperature, but still some orders of
magnitude below the Planck energy. It is convenient to use a
‘comoving temperature’ T = aTphys which is nearly constant
outside the inflationary period. More precisely, g1/3T is con-
stant, where g is the number of helicity states of massless
particles (with fermions counted as 7
8
); for the universe since
c© 0000 RAS, MNRAS 000, 000–000
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reheating, allowing for the effect of neutrino decoupling and
electron-positron annihilation,
g1/3T =
(
43
11
)1/3
T0, (4)
where T0 = 2.7K is the CMB temperature today. Thus the
approximate equality of the physical temperatures before
and after inflation means that
Ti
Trh
=
T (τi)
T (τr)
≈ ai
ar
=
a(τi)
a(τr)
= e−N , (5)
where N is the number of e-folds of inflation. Equivalently,
the comoving temperature in the pre-inflationary phase is
Ti ≈ 0.3e−NT0. (6)
It is now necessary to be precise about the power spec-
trum of the radiation, which we remind the reader consists of
thermal light scalar particles. On scales above one thermal
wavelength, i.e. k < T it is given by standard thermody-
namics as
|δth|2 = P(k) = k
3
2pi2
P (k) =
60k3
pi4T 3
(k ≪ T ). (7)
In particular, |δth|2 is O(1) on the wavelength scale k ≈ T
(note also that since both k and T are ‘comoving’, k/T =
kphys/Tphys). This is important because k ≈ T length scales
exited the horizon at an early stage during inflation. The
situation for the even smaller scales of k > T that exited the
horizon later is more complicated and requires the separate
treatment presented in Lieu & Kibble (2013) where it is
shown that
P(k) = 10k
4
pi4T 4
(k ≫ T ). (8)
As will be argued below, the observable cosmological scales
today would map back to the k ≫ T ones unless inflation
has a marginal number of e-folds.
3 EVOLUTION EQUATIONS: THE
LONGITUDINAL GAUGE
We turn to the question of how the thermal radiation per-
turbations on the scale of one thermal wavelength or larger,
(7), will evolve through the inflationary era.
To begin with, the conformal Hubble parameter H =
a˙/a = aH where a˙ ≡ da/dτ is given by
H2 = 8piG
3
a2ρ, (9)
where ρ = ρr + ρv is the total density. Of course, ρr ∝
a−4 while in the early stages of inflation we may assume
that ρv is a constant. It is then convenient to introduce the
dimensionless variable
y =
a
ai
(10)
so that
H2 = H
2
i
2
(
y2 +
1
y2
)
. (11)
(This equation would not hold in the late stages of inflation,
when the scalar inflaton field φ starts to roll down towards
its minimum, φ˙2 is no longer negligible compared to the po-
tential energy V (φ), so the ‘vacuum’ energy becomes inho-
mogeneous and c2s = P˙ /ρ˙ starts to deviate from 1/3, indeed
becoming large and negative. For the moment we exclude
that era; we will not need explicit solutions there, because
we can use a conservation law.)
Now the gauge-invariant potential Φ satisfies a second-
order evolution equation (see for example Peter & Uzan
(2009)),
Φ¨ + 3(1 + c2s )HΦ˙ + [2H˙ +H2(1 + 3c2s )]Φ− c2s∇2Φ = 0. (12)
If we are interested in a universe that contains only radiation
and vacuum energy, in which the density fluctuations in the
latter may be neglected as part of our ansatz (see the end
of section 1) we may set c2s = 1/3, obtaining
Φ¨ + 4HΦ˙ + 2(H˙ +H2)Φ + 1
3
k2Φ = 0. (13)
This equation too will not hold in the later stages of infla-
tion. Denoting derivatives wrt y by primes, we have for any
function f , f˙ = Hyf ′. Thus (13) becomes
H2y2Φ′′+(5H2y+HH′y2)Φ′+2(H2+HH′y)Φ+k
2Φ
3
= 0.(14)
From (11) we also have
HH′y = H
2
i
2
(
y2 − 1
y2
)
. (15)
Substituting (11) and (15) into (14) and rearranging the
terms gives
y2(y2Φ′′ + 6yΦ′ + 4Φ) + y−2(Φ′′ + 4yΦ′) + q2Φ = 0, (16)
where we have written
q2 =
2
3
k2
H2i
=
1
3
k2
H2a2
. (17)
(Note that Hi = aiHi, but Hi is not the near-constant Hub-
ble parameter H ≈ Hinfl during inflation; at τi, ρ = 2ρv and
therefore Hi =
√
2Hinfl ≈
√
2H).
In (16) we have chosen to group the terms in such a
way that if Φ ∼ yn they behave respectively like yn+2, yn−2
and q2yn. The point at which ρr = ρv is given by y = 1. For
y ≪ 1, we are deep in the radiation-dominated regime and
the first bracket is small; while for y ≫ 1 vacuum energy
dominates, and the second bracket is small. The time of
horizon exit is defined by k2/H2ex = 1. Since this occurs
during inflation, and well after radiation-vacuum equality,
we must have q ≫ 1, and then y2ex = 3q2.
4 EVOLUTION BEFORE AND DURING
INFLATION
Let us first consider the solution well inside the radiation-
dominated era, when y ≪ 1. Then the first bracket in (16)
is negligible and it is straightforward to solve the equation.
The known solution is
Φ =
A
2q2y2
(
sin qy
qy
− cos qy
)
+
B
2q2y2
(
cos qy
qy
+ sin qy
)
,(18)
where A and B are arbitrary constants. If we impose the
natural condition that the perturbation remains finite at
early times, we require B = 0.
c© 0000 RAS, MNRAS 000, 000–000
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The density contrast is given in terms of Φ by
H(Φ˙ +HΦ) + 1
3
k2Φ = − 1
2
H2δ, (19)
or
δ = −2[yΦ′ + Φ+ q2(y2 + y−2)−1Φ]. (20)
Over most of the range, where 1/q ≪ y ≪ 1, we can ignore
terms involving inverse powers of qy, so (18) and (20) give
δr ≈ A cos qy, (21)
which represents the expected oscillation with approxi-
mately constant amplitude. The typical value of A is given
by the expected amplitude of thermal fluctuations.
Now let us turn to the other extreme, when y ≫ 1 and
vacuum energy is dominant. In that case, the second bracket
in (18) is negligible. It is again possible to find an explicit
solution to the equation, by changing variable to 1/y. The
solution in this case is very similar:
Φ =
C
2q2y2
(
sin q/y
q/y
− cos q/y
)
+
+
D
2q2y2
(
cos q/y
q/y
+ sin q/y
)
, (22)
where again C and D are arbitrary constants.
We still need to connect these two solutions (18) and
(22), to relate the constants C andD toA. In the intervening
region, near the crossover point y = 1, it is not possible to
find an explicit solution. But we can get a good idea of the
relation by simply assuming that (18) applies throughout
the whole of the radiation-dominated era, y < 1, and (22)
throughout y > 1, and matching the two at y = 1. Assuming
that q is large enough for the first terms in all the brackets
to be negligible, the boundary conditions on Φ and Φ′ give
us
A cos q = C cos q −D sin q,
A sin q = −C sin q −D cos q,
yielding the solution
C = A cos 2q, D = −A sin 2q. (23)
These relations might be modified by a more accurate treat-
ment, but C and D would still be related to A and B by a
symbolic rotation; the main effect would be to change the
effective rotation angle from 2q. Note also that even if we
did not impose the initial condition of B = 0, but instead
took it be comparable to A, C and D would still be of a
similar order of magnitude to A. From the remarks made
after (21) therefore, one expects
|C| ≈ |D| ≈ |δth|, (24)
where |δth| denotes the thermal oscillation amplitude at the
scale of interest.
The behavior of the two terms in (22) when y > q and
the perturbation is outside the horizon is very different. The
leading terms give
Φ ≈ C
6y4
+
D
2
(
1
q3y
+
1
2qy3
)
. (25)
The corresponding terms in δ are given by (20), and are
δ ≈ C
y4
− Dq
y5
. (26)
It is interesting that the terms in y−1 and y−3 cancel. Thus
although the dominant term in Φ is the D term, in δ it is the
C term. Equivalently the two solutions are, in terms of the
radiation density contrast and peculiar velocity divergence
δr and θr = ik · vr,
δr = C, θr = − k
2
4Ha2
C = −3q
2H
4
C; or
δr = − qD
y
= − k√
3Ha
D, θr = −
√
3k
4a
D, (27)
where θr is a special case of the generic equation for the
total divergence θ:
k2(Φ˙ +HΦ) = (H2 −Ha)θ = 4piGa2(ρ+ p)θ (28)
in the limit of pv = −ρv and pr = ρr/3 when (ρ + p)θ =∑
i
(ρi + pi)θi = (ρr + pr)θr = 4ρrθr/3.
5 REHEATING AND SUBSEQUENT
EVOLUTION
It is useful to define the quantity ζ, known as the total cur-
vature perturbation, that has showed itself to be particularly
useful after a mode exited the horizon:
ζ = Φ− δ
3(1 + w)
= Φ +
H(Φ˙ +HΦ) + 1
3
k2Φ
H2 − H˙ , (29)
Note that ζ is infinite only in the case of single field inflation
of finite δv but vanishing 1 + wv, i.e. ζ is finite once there
are other, 1 + wi > 0 components present. In terms of the
variable y, (29) can be written as
ζ = Φ+
y4
2
(
yΦ′ + Φ+
q2
y2
Φ
)
. (30)
Using the evolution equation, one can then show that
ζ˙ = −k
2
3
HΦ + Φ˙
H2 − H˙ . (31)
Both the numerator and denominator of ζ are small, but the
quotient need not be, as we shall find out.
Let us evaluate these quantities for the solutions given
above in the inflationary era. We are interested in the values
reached well outside the horizon, so we may use the late-time
expression (25). It is easy to see that the C term yields a
finite and constant limit for ζ, but theD term is proportional
to y and therefore fades away with time. More precisely
ζ = −1
4
C ≈ −1
4
A cos 2q, or
ζ =
k
4
√
3Ha
D = − q
4
A sin 2q, (32)
with the reminder that C and D are both of order the ther-
mal amplitude, (24).
How does one connect with the radiation era after re-
heating? Here Φ is given by (18) with A and B replaced
by A˜ and B˜ to distinguish the amplitudes from the pre-
inflationary radiation ones, and y and q replaced by new
ones defined as
y˜ =
a
aeq
, q˜ =
k√
3Heqaeq
. (33)
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From (29), one can proceed to calculate ζ, as
ζ =
3Φ
2
=
A˜
4
+
B˜
2x
(34)
where x = q˜y˜ is ≪ 1 when a mode is outside the horizon
(note that it is no longer H , but rather Ha2 = Heqa
2
eq,
that remains constant in the radiation era). Now it has been
demonstrated (Malik et al (2003)) that for reheating at a
constant rate of energy transfer from inflaton to radiation
there exists a mode of constant ζ. This mode matches the C
mode of (32) in both ζ and ζ˙ at the start of reheating (the D
mode is already redshifted to an unobservable amplitude by
then) and with the A˜ mode of (34) at the end of reheating
provided:
A˜ = −C. (35)
Consequently, for the ensuing radiation era solution one may
set
ζ = −C
4
, (36)
and hence
Φ = − C
2x2
(
sin x
x
− cosx
)
. (37)
One then finds
δ = −2(xΦ′ + Φ+ x2Φ)
=
2C
x3
(−2 sin x+ 2x cos x+ 2x2 sin x− x3 cosx), (38)
where now Φ′ = ∂Φ/∂x. Thus we see that the amplitude
of the fluctuations after re-entry (when x = 1/
√
3) is ap-
proximately the same as it was at horizon exit. Far ahead
of re-entry (x ≪ 1), however, the density contrast and the
velocity divergence of (28) are given by
δ = δr =
C
3
; θr = − k
2
12Heqa2eq
C = − q˜
2Heq
4
C, (39)
where in obtaining θr use was made of the relation θr =
k2(xΦ′ + Φ)/(2Heqa
2
eq).
For completeness, it can also be shown that the (unob-
servable) B˜ solution of (34) and (18) yields the variables
δ = δr =
2B˜
x3
=
2B˜
q˜3y˜3
; and θr = −3HB˜
2x
= −3HB˜
2q˜y˜
. (40)
6 THE SYNCHRONOUS GAUGE
There are three evolution equations in this gauge that can be
derived using Newtonian physics and the Copernican Prin-
ciple (see Appendix A):
δ˙Sr = −43θ
S
r − 23 h˙;
θ˙Sr +Hθ
S
r =
k2
4a2
δSr ;
h¨ +2Hh˙ = −16piGρrδr. (41)
The script S is used to distinguish the radiation density con-
trast δSr and divergence of the peculiar velocity θ
S
r = ik ·vSr
from their corresponding values in the longitudinal gauge,
δr and θr, which are unscripted. The metric perturbation η
of (3) is fixed once δSr , θ
S
r , and h˙ are, by the relations
η = −4piGa
2ρδS
k2
+
Ha2
2k2
h˙; η˙ =
4piGa2
k2
(ρ+ p)θ, (42)
which in this instance reduces to
η = −3H
2a2i
2k2
(
ai
a
)2
δSr +
Ha2
2k2
h˙; η˙ =
2H2a2i
k2
(
ai
a
)2
θSr .(43)
In general, a third order ordinary differential equation results
from the elimination from (41) of two of the three pertur-
bation variables δSr , h, and θ
S
r .
In the radiation era preceding inflation, when the modes
are subhorizon, it is usual to assume that
δ˙Sr ≈ −4
3
θSr , or |δ˙Sr | ≫ |h˙|, (44)
in which case one can combine (41a) with (41b) to obtain
the second order equation (Peebles (1980))
δ¨Sr +Hδ˙
S
r = − k
2
3a2
δSr . (45)
The solution of (41a) and (41b) is
δSr = |δthr |eiϕ(t); ϕ =
∫
k√
3a
dt+ ϕ0, (46)
and θSr = −3δ˙Sr /4. To solve for h, substitute (46) into (41c)
to convert the latter to
1
a2
d
dt
(a2h˙) = − 3
2t2
eiϕ(t), (47)
with the solution
h˙ = 3|δthr |Ei(iϕ)t +
h0
t
, (48)
where Ei(x) is the exponential integral function.
For subhorizon modes with k ≫ Ha, hence ϕ ≫ 1,
Ei(iϕ) approaches the limit ipi, so that
h˙ =
3ipi|δthr |
t
≈ 6ipiH |δth|+ h0H. (49)
As a self-consistency check, it is easy to verify that (49) and
(46) satisfy (44) provided
|h0| ≪ |δthr | k
Hiai
. (50)
(here the reader is reminded of the fact that ti marks the
end of radiation domination and the onset of inflation). Un-
less the universe was born with a large |h0|, however, it is
reasonable to assume that
|h˙| ≈ H |δthr | (51)
during the radiation era between Big Bang and inflation.
At times t ≫ ti when inflation takes over and H is
very approximately constant, the right side of (41c) becomes
negligibly small. The solution of (41) is, for δSr and h,
h =
b
a2
+ c; δSr = f cos
(
k√
3Ha
+ g
)
− 32piGρvb
3k2
. (52)
To maintain continuity with the thermal oscillations of the
radiation era of t≪ ti, it is clear that f ≈ |δthr | and b must
be chosen to secure a smooth connection with (51) at t = ti,
viz.
|b| ≈ a2i |δthr |, (53)
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which renders the last term of (52) negligible. When t > ti,
(44) continues to hold, because δSr for both independent
modes of perturbation oscillate with the amplitude |δthr | un-
til horizon exit and becoming either a constant or fading
away as a−1 afterwards (see below), while h˙ is damped more
quickly as a−2.
Let us examine more closely the behavior after hori-
zon exit. The two possible orthogonal solutions from (52),
viz. g = 0 and g = −pi/2 then become, to a high degree of
accuracy for δSr and θ
S
r ,
(δSr , θ
S
r ) =
(
1,−3Hq
2
4y2
)
|δthr | =
(
1,− k
2
4Ha2
)
|δthr |, (54)
and
(δSr , θ
S
r ) =
(
q
y
,−3H
4
q
y
)
|δthr | =
(
k√
3Ha
,−
√
3k
4a
)
|δthr |(55)
for t ≫ ti. By means of (43), (53), (54) and (55), one can
estimate or calculate the remaining variables, viz.
|h˙| ≈ H |δ
th
r |
y2
= H
(
ai
a
)2
|δthr |; |η| ≈ |δ
th
r |
q2
=
3H2a2i |δthr |
k2
, (56)
i.e. |h˙| ≪ H |δthr | and |η| ≪ |δthr | for both pairs of (δSr , θSr ) in
(54) and (55). Moreover
η˙ = − H
2y4
|δthr | = −H
2
(
ai
a
)4
|δthr |, (57)
and
η˙ = − H
2qy3
|δthr | = −
√
3H
2
(
ai
a
)3 Hai
k
|δthr | (58)
for the first and second pair respectively. It is then clear that
|η˙| ≪ H |δthr | (59)
for both pairs. The consequences of (56) through (59) will
become apparent as we connect the two solutions here with
those of the longitudinal gauge.
7 PROOF OF GAUGE CONSISTENCY
During the inflation era when a mode is expelled from the
horizon, there could in principle be significant differences in
the perturbation variables as compared between the syn-
chronous and longitudinal gauge. To check for consistency,
one appeals to the gauge transformation equations (Ma &
Bertschinger (1995)), viz.
δSr = δr +
2Ha2(h˙+ 6η˙)
k2
; θSr = θr − h˙+ 6η˙2 , (60)
and
ζ = η − 1
4
δSr . (61)
Comparing the δr part of (54) and (55) with (27) one finds
that
δr = δ
S
r , and θr = θ
S
r (62)
is secured by the simple correspondence
C = |δthr | and D = −|δthr |, (63)
consistent with (24). This is because the h˙ and η˙ contri-
butions to (60) are insignificant for both mode solutions
(i.e. both (δr, θr) pairs), as can be verified with the help of
(56) through (59). Moreover, with the same correspondence
between C, D, and |δthr |, (61) yields the same result for the
curvature perturbation ζ as (32), due to the smallness of η
as given by (56).
However, the situation is a little different in the ra-
diation era after reheating, as η plays a key role in the
gauge reconciliation. Here, the two solutions to (41) involve
δS = δ
S
r ∼ a2 and a are better known (see e.g. the last two of
(9.121) of Kolb & Turner (1990). More precisely the former
is
(δSr , θ
S
r , h, h˙) = Q
(
2
3
y˜2,
Heq
6
q˜2y˜2,−y˜2,−2Heq
)
, (64)
where Q is a normalization factor and y˜ and q˜ are as defined
in (33). Note that the sharp rise of θSr w.r.t. q˜ (or k) explains
why (41a) is dominated by the h˙ term on its right side before
re-entry, but by the θSr term after. The variables η and η˙ of
(42) are
η = − 2
3q˜2
Q; η˙ =
Heq
9
Q. (65)
One may now apply (60) and (65) to transform δS and θ
S
r
to the longitudinal gauge. The results are in agreement with
(39) provided Q is set at
Q =
3a2eqq˜
2
8H2eq
C. (66)
Such a choice of Q would also enable one to calculate ζ us-
ing the synchronous gauge variables and (61). This leads to
ζ = −C/4, the same as (36). Moreover, by (63), ζ has the
amplitude of the density fluctuations in the thermal radia-
tion on the horizon, at the time of horizon exit of the scale
in question.
The second solution δS = δ
S
r ∼ a is
(δSr , θ
S
r , h, h˙) = P
(
8y˜
9
, 2y˜H,−16
3
y˜,−16
3
y˜H
)
, (67)
for some P . Consistency with the longitudinal gauge solu-
tions for δr, θr, and ζ, viz. (40) and the B˜ term of (34), is
secured by the transformations equations of (60) and (61),
after setting P = −3B˜q˜/8.
To the best of the author’s knowledge this is the first
time the longitudinal and synchronous gauge are formally
reconciled in detail by explicit gauge transformation. Previ-
ous efforts include Ma & Bertschinger (1995) who demon-
strated consistency of results upon horizon re-entry by nu-
merical technique, and Weinberg (2003) who was only con-
cerned with the adiabatic (constant) mode at times when it
is outside the horizon.
8 DISCUSSION: CRITERION FOR THE
START OF STANDARD INFLATION
The key message of the past 3 sections is the conservation of
the longitudinal gauge density contrast δr of relic radiation,
and of ζ, for one adiabatic mode of perturbation when the
scale of interest is outside the horizon, i.e. (39), (63), and
(29). Thus, if a pre-inflationary radiative FRW stage existed,
there will be O(1) fluctuations on scales comparable with the
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peak wavelength of the black body spectrum, i.e. k ∼ Ti. By
(6) one gets
1
k
≈ 3eN/T0. (68)
For N = 60 this scale would be a few Mpc. For more e-
folds of inflation the observed cosmological scales would have
originated from sub-wavelength ones, k > T , on which the
density contrasts are above unity, see Lieu & Kibble (2013).
Even restricting oneself to the classical regime of N 6 60,
viz. the scope of this paper, it is still the case that the
pre-existence of radiation domination means the total den-
sity contrast at the onset of inflation ti is of order unity or
larger on the relevant scales, and they would invalidate lin-
ear growth equations like (12) and (13), leaving one with no
quantitative way of evolving the perturbations from ti on-
wards. At best, one could only heuristically appeal to causal
interactions within the radiation fluid as a mechanism that
might have maintained the statistical fluctuation amplitudes
of the radiation density at their thermal values ahead of the
horizon exit of the corresponding scales. But without the
support of any mathematically rigorous formalism this ar-
gument is far from being secure. It tells us nothing about
how e.g. the scalar and other modes of the two-fluid medium
evolve before each mode exits (see below for more elabora-
tion), and then there is the question of what happens after
exit. The other ‘way out’ is to postulate N ≪ 60, i.e. the
scale of the GUT horizon is inflated by just the right amount
to match today’s horizon. Such a contrivance would reduce
the usefulness of the inflationary hypothesis to the same
level as the Anthropic Principle.
It might be thought sufficient to reinstate linear theory
that the gravitational potential Φ ≈ Ga2δρ/k2 ≪ 1. Beware
however that the sound speed c2s = δP/δρ is an indispens-
able coefficient of (12), i.e. without precise knowledge of
c2s (12) is useless; yet the classical value of c
2
s becomes very
questionable on sub-wavelength scales when δ = δρ/ρ > 1
and likewise for P . A similar argument can be made about
the growth equations in the synchronous gauge, e.g. (41) ac-
quires an extra non-linear term of the form h˙δSr that must
be included when δSr > 1. The situation is worse than this.
When the relative density contrast δi of each fluid compo-
nent is of order 1 or larger, then despite Φ ≪ 1 the vector
and tensor modes are coupled to the scalar modes and be-
come important (Bertschinger 1993, Mollerach and Matar-
rese 1997).
To further expose the inadequacy of the standard clas-
sical treatment, one should fully expect very significant fluc-
tuations on the sub-wavelength scales, as indicated by the
change in form of the power spectrum from (7) to (8) on the
scale of a wavelength, viz. P(k) ∼ k4 for k ≫ Ti, i.e. δr > 1
on these very small scales. In this case, one may also think in
terms of patches of size 1/k < 1/T (k > T ) inflating at very
different start times due to the large variation in the density
ratio of radiation to inflaton, resulting in a highly inhomoge-
neous observable universe. Although it is not inconceivable
that the large thermal effect and the nonlinearity it causes
might fortuitously ‘cancel’ to smooth out the perturbations
at the end of an exact (non-perturbative) treatment, it seems
far more likely that they would be observationally unaccept-
able. At least such a ‘wishful’ outcome needs to be demon-
strated, but it has not. For more e-folds than N ≈ 60, the
thermal wavelength scale would be inflated beyond today’s
Hubble radius. In that case all cosmological scales would be
in the k ≫ Ti domain. Moreover, for N ≫ 70 the relevant
scales at the beginning of inflation were sub-Planck, render-
ing the estimation of the amplitude of fluctuations at that
time even more problematic. To postulate an FRW phase in
a sub-Planck-scale universe seems nonsensical.
As indicated in section 2, the foregoing developments
were based upon the premise of a thermalized fluid whose
large statistical fluctuations on the initially small scales pre-
vents inflation from having a proper start. How sensitive
is the ‘false start’ conclusion to thermalization? One may
tackle this problem by asking for the power spectrum P(k)
that marginally reinstates the paradigm. Evidently this can-
not be one that diverges as P(k) ∼ k4, or equivalently
P (k) ∼ k, see (7). In fact, the ‘minimal’ P (k) that satis-
fies the requirement of a finite ξ(r) at small scales, with the
two-point function ξ(r) defined as the Fourier counterpart
of P (k), is evidently P (k) ∼ 1/k3 or P(k) = constant. But
since the value of this constant is determined to be of or-
der unity by matching against the O(1) fluctuations on the
transition scale of k ∼ Ti, to revalidate linear theory one
must invoke P (k) ∼ 1/kn with n > 3, or more precisely
P(k) ≈
(
T
k
)n−3
with n > 3, for k ≫ T, (69)
to replace (8), which will enable δr to become ≪ 1 on scales
k ≫ Ti. Such a super-homogeneous pre-inflationary state is a
far-cry from thermal, but has been considered by Giovannini
(2012).
9 CONCLUSION
A comprehensive calculation of the evolution of pre-
inflationary perturbations from subhorizon to superhorizon
scales in the longitudinal and synchronous gauge is pre-
sented, with gauge reconciliation at a level of detail not
easily accessible in the published literature (additionally an
Appendix is also provided to show how the growth equations
in the synchronous gauge can be derived without appealing
to the Einstein Field Equations). It is concluded that the
standard ‘minimal’ version of inflation and reheating can-
not involve an earlier radiation dominated FRW phase.
There are obvious ways in which the theory could avoid
these problems. Most simply, the universe could be born in-
flating (Vilenkin (1982); Hartle & Hawking (1983)). Later
versions of inflation, such as chaotic inflation (Linde (1983,
1986)) do not necessarily begin with a pre-inflationary FRW
phase, and would therefore be unaffected. Yet the point is
that, as explained in the introduction, if the smoothest pos-
sible component of massless particles already caused such
severe problems, it is hard to imagine how the presence of
any equipartition field of other matter-like particles, be they
curvaton or relics, would be more accommodating to the the-
ory. Thus the claim that inflation also simultaneously solved
such other major problems of cosmology as flatness and the
absence of monopoles is overstated.
In a variant scenario that reinstates the status quo, one
could invoke a super-homogeneous state of power spectrum
P (k) ∼ 1/kn with n > 3. Although Giovannini (2012) ar-
gued the plausibility of such a state, postulating its exis-
c© 0000 RAS, MNRAS 000, 000–000
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tence would add further contrivance to an already long list
of initial conditions necessary for ‘successful’ inflation. In
this instance, if the pre-inflationary fluid is already super-
homogeneous the theory again cannot be deemed to have
‘explained’ the flatness problem and the absence of relics.
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APPENDIX A: NEWTONIAN DERIVATION OF
THE GROWTH EQUATIONS SYNCHRONOUS
GAUGE
We restrict our treatment to a radiation dominated universe.
The continuity equation of mass and momentum conserva-
tion is
∂ρ
∂t
+∇ · [(ρ+ p)v] = 0, (A1)
where ∇ = ∇R = ∂/∂R with
R = ar (A2)
as the physical distance and ∂/∂t is done with R held fixed,
i.e.
∂ρ
∂t
∣∣∣∣
R
=
∂ρ
∂t
∣∣∣∣
r
+ r˙ · ∂ρ
∂r
=
∂ρ
∂t
∣∣∣∣
r
−Hr · ∇r ρ, (A3)
where use was made of ∇R = ∇r/a, and r˙|R = −a˙R/a2 =
−Hr. Hence (A1) becomes
∂ρ
∂t
∣∣∣∣
r
− Hr · ∇r ρ+ ρ+ p
a
∇r · (Har+ u)
+
Haru
a
· ∇r(ρ+ p) = 0, (A4)
where we wrote
v = R˙ = Har+ u (A5)
with u = ar˙ being the peculiar velocity.
It is now necessary to discuss the diverging r·∇r p term,
which is to do with the fact that in terms of the cosmic time t
and the physical coordinateR = ar the metric is ds2 = dt2−
(dR−HRdt)2, and has cross terms, i.e. g00 = 1−H2R2 and
g0j = HR
j . That means there should be extra terms in the
energy and momentum conservation equations. Fortunately,
near any particular location, matter should behave more or
less as it does in flat space. In terms of local coordinates t
and R the equations will be the same as flat space-time for
small R. There will be differences for large R, but if one is
interested in equations connecting the local quantities here,
one can legitimately set R = 0 (or equivalently r = 0) and
does not need to work out the equations for other values
of R separately, because the cosmological principle tells us
that in terms of their locally defined variables, the equations
would be the same as they are at the origin.
Undertaking this step, and dropping henceforth the suf-
fix r from ∂ρ/∂t and ∇, we obtain
∂ρ
∂t
+ 3H(ρ+ p) +
ρ+ p
a
∇r · u+ u
a
· ∇r p = 0. (A6)
In a homogeneous background universe the ∇ terms vanish,
and so to lowest order one recovers the familiar equation
∂ρ/∂t = −3H(ρ + p). The next order is, for a radiation
dominated universe with ρ+ p = 4ρ/3,
δρ˙ = −4ρδH−4Hρδ− 4ikju
j
3a
ρ = −2
3
ρh˙−4Hρδ− 4
3
ρθ,(A7)
where
θ = i
k · u
a
(A8)
is the velocity divergence (expansion). (A7) can be com-
pressed to read
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δ˙ = −2
3
h˙− 4
3
θ, (A9)
which is the same as the first of (41). In general, for a
medium with any equation of state, (A9) becomes
δ˙ + 3(c2s − w)Hδ = −(1 + w)
(
θ +
h˙
2
)
, (A10)
where c2s = dP/dρ is the speed of sound, and w = p/ρ.
To get the remaining equations of (41) we turn to the
Euler equation of momentum flow:
∂v
∂t
∣∣∣∣
R
+ (v · ∇R)v = − 1
ρ+ p
∇R p−∇RΦ, (A11)
where Φ is the total gravitational potential here. Bearing in
mind again (A2) and (A5), we repeat similar exercises as
before:
∂v
∂t
∣∣∣∣
R
=
∂v
∂t
∣∣∣∣
r
−H(r · ∇r)v; (v · ∇R)v
= H(r · ∇r)v +
(
u · ∇r
a
)
v. (A12)
Dropping once more the suffix r from ∂ρ/∂t and ∇,
∂v
∂t
+
(
u · ∇
a
)
v = − 1
ρ+ p
∇p− 1
a
∇Φ. (A13)
Next, enlist (A5) another time to write
∂v
∂t
= a¨r+ u˙+Hu; (A14)
and moreover
u · ∇
a
v =
u · ∇
a
(Har) +
u · ∇
a
u. (A15)
The last term is second order of small quantities. The Har
term gives
u · ∇
a
v =
u · ∇
a
(Har)
=
H
a
(
ax˙
∂
∂x
+ ay˙
∂
∂y
+ az˙
∂
∂z
)
(axi+ ayj+ azk)
= Har˙
= Hu. (A16)
(A13) now reads
a¨r+ u˙+ 2Hu = − 1
ρ+ p
∇p−∇Φ. (A17)
The background (lowest order) terms give the usual decel-
eration parameter q, with ∇Φ interpreted as a force that
depends on the nature of the cosmic substratum. The first
order term is
u˙+ 2Hu = − 1
a(ρ+ p)
∇(δp); or θ˙ +Hθ = k
2
4a2
δ, (A18)
where the last equation is the same as (41b) for any radiation
era with p/ρ = dP/dρ = 1/3, and is obtained by means
of (A8) and the synchronous gauge condition (sometimes
called ‘free fall’ condition) θ = k2δΦ/(2Ha2). For a general
medium this equation is
θ˙ + (2− 3w)Hθ = k
2c2sδ
(1 +w)a2
. (A19)
Finally, (41c) is just the perturbed version of the Fried-
mann equation, which for the radiation era is
H˙ +H2 = −8piG
3
ρ. (A20)
Specifically by defining δH = h˙/6 and taking account of
the rate equation ρ˙ = −4Hρ, one obtains (41c), the general
form of which is
h¨+ 2Hh˙ = −3H2(1 + 3c2s)δ. (A21)
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